We investigate the many-body dynamics of entanglement entropy (EE) and participation ratio (PR) considering a one-dimensional non-interacting long-range power-law hopping model with uncorrelated (referred as model I) and correlated (referred as model II) disorder. Model I, supporting algebraically localized phase and model II, containing multifractal and mobility edge phases, allow us to venture the finite time growth of EE, saturation characteristics of EE (denoted by S∞) and PR (denoted by P R∞) in versatile phases. We predict for algebraically localized phase in model I, S∞ and (P R∞) scales as L γ (L β ), with γ, β < 1; this is in contrast to the exponentially localized system where both become system size independent ∼ L 0 . Interestingly, in the presence of a finite fraction of delocalized single particle states (SPSs) as observed in model II, S∞ obeys volume law, while P R∞ can be sub-extensive L β , β ≤ 1. The above non-equilibrium results can be qualitatively understood from the analysis of many-body eigenstates that satisfy similar scaling relation. Our study further suggests that an admixture of two species of SPS (ergodic delocalized and non-ergodic multifractal or localized) can lead to a secondary slow growth of EE in finite time regime that is absent in model I. Moreover, EE accounts for the long distance properties of SPS and duality in the long-tail decay exponent of it in model I is clearly captured, on the contrary, PR encapsulates the short distance properties of SPS and hence the long distance duality of SPS states does not appear.
INTRODUCTION
In one and two dimensions, an arbitrarily weak amount of disorder is sufficient to localize all eigenstates of a system of non-interacting particles, known as Anderson localization [1] [2] [3] . However, correlated disorder in one dimensional system can lead to a coexistence of localized and delocalized states, separated by mobility edge (ME) [4] [5] [6] . Interestingly, in the presence of interactions a many-body version of delocalization-localization transition namely, many-body localization (MBL) transition can occur [7] . There has been a plethora of studies to quantify the localized and delocalized phase using suitable measures e.g., entanglement entropy (EE) that estimates the bipartite quantum correlations, participation ratio (PR) that carries the information about the localization properties of wave-function and level spacing statistics which describes the absence or presence of level repulsion [8] [9] [10] [11] [12] . To be precise, in a MBL phase, eigenstate EE and PR satisfy area law while in the delocalized phase, it leads to a volume law [13, 14] . The level spacing distribution is expected to follow Poisson distribution in MBL phase, which is a signature of lack of thermalization [15, 16] and thus do not obey the eigenstate thermalization hypothesis (ETH) [17] [18] [19] .
On the other hand, disordered models with long range hopping that decays with distance l as a power-law 1/l a can show localization-delocalization transition in 1D even in the absence of interaction [20] [21] [22] . It has been predicted for a d dimensional disordered system that longrange hopping induces delocalization for a < d, while for a > d, all wave-functions are localized [23, 24] . In the context of quantum information, these kinds of models in presence of interaction can lead to many non-trivial outcomes [25, 26] . Surprisingly, a very recent study shows that in the presence of on-site disorder, localization can survive even for a < d and wave-functions are found to be algebraically localized, in contrast to the usual Andersontype exponential localization [27] . Similar to the interacting case, EE and PR serves to be good measures of localization for non-interacting case also [28, 29] . Recent advancement in experiments with atomic, molecular and optical systems [30, 31] , power-law spin interactions with tunable exponent 0 < a < 3 can be realized in laserdriven cold atom setup [32, 33] . The dipolar (a = 3) and van-der-Waals (a = 6) couplings have also been experimentally observed for the ground-state of neutral atoms and Rydberg atoms [34] [35] [36] [37] .
In the field of non-equilibrium dynamics, EE of noninteracting clean short ranged systems grows linearly with time followed by saturation that obeys volume law [38, 39] . On the other hand, for disordered system, single particle states (SPSs) are exponentially localized leading to an area law in the saturation characteristics of EE [40, 41] . For non-interacting disordered system, a short time power law growth of EE is observed; this is further accompanied by a ln ln t growth for these systems at criticality [42] . Remarkably, MBL system shows a ln t growth in long time [11] . Given the studies on MBL regarding the non-equilibrium dynamics, the non-interacting long range model in presence of disorder, specially with algebraically localized SPS, is less explored. Our aim is to investigate the non-equilibrium dynamics of EE and PR using the many-particle picture for long-range power-law hopping model in the presence of uncorrelated (referred as model I) and correlated disorder (referred as model II).
In particular, we find for model I that the saturation value of entanglement S ∞ (also the many body participation ratio) shows sub-linear growth with system-size as L γ (L β ), with γ, β < 1, in contrast to the expected area law observed for exponentially localized system [41] . Also, the duality in this model has been reflected in the exponent γ, surprisingly not presents in β. For model II, there is a coexistence of delocalized and multifractal (or localized) SPS, where we find that due to the presence of delocalized SPS in the spectrum, S ∞ obeys volume law. PR still displays sub-extensive behavior. We also find qualitatively similar behavior of the above quantities from the analysis of typical many-body eigenstates of these models. We observe marked difference in the finite time rise of EE in these two models. Based on our analysis, we can convey that the saturation dynamics of EE (PR) can capture the long-tail (short-range) correlation of SPS states.
The paper is organized as follow. In Sec.II, we discuss the detail of model I and II. Non-equilibrium time evolution of EE and PR are discussed in depths in Sec.III and Sec.IV respectively. Finally, we summarize our results with possible future directions in Sec.V.
MODEL
We study noninteracting fermions in 1D lattice in the presence of disordered potential. The system is described by the following long-range power-law hopping Hamiltonian,
is the fermionic creation (annihilation) operator at site i,n i =ĉ † iĉ i is the number operator, and L is the size of the system. We consider two cases here. 1) Model I (with uncorrelated disorder): i are chosen randomly from a uniform distribution between [−W, W ]. For moderate disorder strength, this model has single-particle delocalized states at the top edge of the band which undergo a localization transition with increasing disorder [28] . In this paper, we choose W = 20, for which all states are localized. Recently, it has been shown that for a < 2 the single-particle wave function ψ(x) of this model displays power-law localization (not exponential) |ψ(x)| 2 ∼ 1/|x − x 0 | ν in the limit x >> x 0 , where, x 0 is the localization center and ν is the localization exponent. ν shows duality ν(a) = ν(2 − a) around a = 1 [27] . However, we like to point out that near x 0 , in the limit |x − x 0 | << L, the SPSs are completely different in both sides of a, where for a > 1, one finds an exponential decay ψ(x) ∼ exp(−|x − x 0 |/ξ 1 ) and on the other hand, for a < 1, the decay is still power-law. a = 1 point is not very well understood, it is conjectured to be either a weakly algebraically localized with ν ∼ 2 or a critically multifractal [27] . We note that for a > 2, exponential nature starts prevailing over power law characteristics of SPS and for a → ∞, SPS becomes completely exponentially localized. On the other hand, at a = 0 the model is exactly solvable and wave-functions in the bulk of the spectrum are critically multifractal [43] .
2) Model II (with correlated disorder):
and φ is an offset chosen from a uniform random distribution [0, 1] . This seemingly innocent difference has drastic consequences on the physics of this model compared to the previous one. Interestingly, for a < 1, all SPSs are extended. However, depending on the choice of parameters (h and a), there are different phases where ergodic and multifractal (MF) states coexist. We will refers this phase as MF phase. On the other hand, for a > 1 there is a coexistence of delocalized and exponentially localized SPS, hence, mobility edge (ME) exists (we will refer this phase as ME phase). In either side of a, different regimes, denoted by P s , are characterized by a fraction σ s of ergodic SPSs at the bottom of the band and the rest are either localized (for a > 1) or multifractal (for a ≤ 1) [44] . We also point out that multifractal SPSs in this model have a spatial form of multiple sharp peaks on top of a flat background in contrast to ergodic delocalized SPS which are extended all over the lattice.
For all calculations in this paper, we restrict ourself at half-filling. All quantities are obtained after averaged over 10 3 disorder realizations. All time evolution calculations are done starting from an initial product state
ENTANGLEMENT ENTROPY(EE)
In this section we will discuss the non-equilibrium dynamics of EE after a global quench starting from a product state. We note that a typical measure of the entanglement in a quantum system is bipartite von Neumann entanglement entropy S defined as,
where ρ A = Tr B |Ψ Ψ| is the reduced density matrix of a sub-system A after dividing the system into two equal parts A and B. |Ψ is many-body wave function of the composite system. Dynamics of S is shown for model I in Fig. 1(a,b) . We see for a ≤ 1, a power law rise occurs, S ∼ t α . This growth becomes faster near the point a = 1. For a > 1, growth exponent α decreases and for a ∼ 2, EE shows Here, P3 and P4 represent different multifractal (mobility edge) phases for a < 1 (a > 1). A perfect data collapse is observed in (b) for L = 400, 600, 800, 1000 suggesting the fact that EE obeys volume law in model II. A proper data collapse is observed in (c) with S/L γ(a) for Model I with different L referring to the fact that EE becomes sub-extensive. The variation of γ(a) with a showing duality around a = 1 is depicted in (d). Lines correspond to average eigenstate EE S and symbols represent the long time saturation value of entanglement entropy density S∞ obtained from the dynamics. a logarithmic rise. Note that in the case of Hamiltonian (1) even without disorder, initial growth of S(t) is sublinear in t (see appendix and also Ref. [45] ). This growth is mainly controlled by the short range spatial nature of the SPSs. As discussed in Sec.II, SPSs behave differently in either side of a; the presence of rapid fall of single particle wave function near the localization center causes relatively slow rise of EE for 1 < a < 2 compared to a < 1 regime [20] .
Turning into model II as shown in Fig. 1(c,d) , one can see a fast power law rise (S ∼ t α1 ) with α 1 < 1 followed by a much slower rise in EE. We observe the value of α 1 is larger for a > 1 in comparison to a < 1 case. We also note that in the MF phase, the growth exponent depends on P s phases, where as, in the ME phase, α remains almost same in different P s phases. This is presumably the consequence of the fact that the spatial structure of the mutifractal SPS are different in different P s phases. Contrastingly, for a > 1 even in different P s ME phases, the spatial structure of localized states wave function are of exponential form. For a > 1, the long time slow growth, visible in a reasonably large time window, is found to be logarithmic. On the other hand, for a < 1, we see a similar secondary slow rise of S, since the time window is much smaller we can not comment on it whether this is a power-law with exponent α 2 < α 1 or logarithmic. One can naively connect our results with non-interacting central site model [46] , where multifractality, appeared due to the coupling of a single central bound state with all Anderson localized states, can give rise to a slow logarithmic growth in entanglement dynamics. Previously, logarithmic growth of S was thought to be a unique feature of MBL systems [11] . Interestingly, our results indicate that the presence of two different types of SPS, there exists a secondary slow rise in the finite time evolution of S for model II; this growth is completely missing for the uncorrelated disordered model I.
We shall now extensively investigate the scaling of long time saturation value S(L, t → ∞) ≡ S ∞ with a for different values of system sizes L. Figure 2 (b) and (a) show the presence of data collapse in S ∞ /L for model II and absence of it in model I, respectively, for different values of L. We show that for the model I, data collapse appears when we replace S ∞ /L by S ∞ /L γ(a) as shown in Fig. 2(c) . Here, γ(a) < 1 and has the duality around a = 1 like the spatial exponent of the SPSs [47] . Our findings also suggests a similar nature of exponent: γ(a) = γ(2 − a) as shown in Fig. 2(d) (see Appendix for detailed analysis). The duality observed in our case is the consequence of the duality present in the spatial exponent associated with the algebraically decaying long tail of SPS for this model in either side of a < 1 and a > 1. On the other hand, for model II, in both sides of a, there exists a fraction of delocalized ergodic phase, which makes S ∞ extensive. Now, we focus on the behavior of typical many-body eigenstates in these models. Since, these are noninteracting systems, we expect that the EE of typical eigenstates should show similar behavior as S ∞ obtained from dynamics. Note that interaction leads to dephasing mechanism via scattering in the system and hence, for interacting system the above expectation may not hold true. MBL systems are one such examples, where we see that EE of many-body eigenstates obey area law, however, S ∞ ∼ L [8, 11] . Turning into our case with non-interacting fermion, we indeed notice that the typical eigenstate EE [48] [49] [50] [51] ( for details, see Appendix), marked by symbols in Fig. 2 , shows similar behavior as S ∞ , obtained from the dynamics; the results from dynamics is shown by line in Fig. 2 . Since, for both the model I and II, we do not have a parameter regime where all states are ergodic (delocalized), hence, S ∞ /L and also the eigenstates EE density always become less than 1 2 ln 2 (thermal value). The EE associated with the mid-spectrum eigenstates of a generic interacting non-integrable systems obeying ETH, [13, 52, 53] satisfy this bound. Even though, in both MF (a < 1) and ME phase (a > 1), S ∼ L [as shown in Fig. 2 (b) ], one can distinguish between their numerical values of S/L. This is higher in MF phase because all SPSs are delocalized, compared to ME phase where a finite fraction of completely localized states exist. Moreover, in both sides of a = 1, transition between different P s phases are clearly visible through the discontinuous jump in S/L at these transition points. These jumps become sharper as we increase L. The volume law of eigenstate EE has also been recently observed for 1D short-range noninteracting model in the presence of correlated disorder, where there exists a mobility edge in single particle spectrum [47, 54] .
PARTICIPATION RATIO (PR)
Single particle participation ratio has been used extensively in the literature to track localization-delocalization transition in SPS [28, 55] . We shall use the definition of many-body PR as introduced in Ref. [13] . It is defined for half-filling case as,
where, |φ α and n α are eigenvectors and eigenvalues of one-body density matrix ρ ij = ĉ † iĉj respectively. P R ∼ L for delocalized ergodic systems and P R ∼ ξ for exponentially localized many-body states.
We here investigate the dynamics of PR starting from a product state as shown in Fig. 3(a,b) and Fig. 3 (c,d) for model I and II, respectively. For both models with a ≤ 2, PR increases with time; degree of delocalization, designated by the absolute saturation value of PR, decreases with increasing a for a fixed value of disorder strength and system size. However, when, a approaches towards 2, PR becomes almost independent of time. A detailed analysis suggests that PR for 0 < a < 1 in model I is large compared to 1 < a < 2 referring to the fact that localization is stronger in the later phase where SPSs fall of exponentially near the localization center. Turning into correlated disorder model where a fraction of exponentially localized SPSs exists for a > 1 (ME phase), local-ization becomes stronger as a approaches 2. In contrary for the MF phase (a < 1), P R is much higher, indicating the absence of exponentially localized SPSs.
Having examined the scaling of S ∞ and eigenstate EE with L, in the similar spirit, we now look for the scaling of the saturation values of PR (designated by P R ∞ ) along with the PR obtained from typical many body eigenstates as shown in Fig.4 . From the data collapse of P R/L β as a function of a with different system sizes (see Fig.4 (a)  and (b) ), we show for both the models that PR exhibits a sub-extensive scaling with L. In order to analyze the exponent β more concretely, we show the variation of β with a for model I and II in Fig. 4 (c) and (d) , respectively. β remains fixed at a higher value for a < 1 while it decreases monotonically for a > 1 for model I. Very surprisingly, unlike the EE, PR does not exhibit any duality with a around a = 1. The reason being PR is a local quantity, it is not able to capture the duality of SPSs in the long-distance scale where power law tail is observed in either side of a = 1. Precisely, PR accounts for the short distance behavior of SPSs where exponential and algebraic decay are present for a > 1 and a < 1, respectively, hence, β is completely asymmetric around a = 1.
On the other hand, for model II, β shows a kind of symmetric behavior around a = 1 (see Fig. 4 ). This result may be counter intuitive in the sense that phases in both sides of a = 1 are completely different i.e., MF phase for a < 1 and ME phase for a > 1. Multifractal SPSs in this model have a form of multiple sharp peak on the top of almost flat background in contrast to the ergodic delocalized SPSs that are extended all over the lattice. The structure of SPSs for MF phase is kind of similar to the exponentially localized SPSs having only one peak and the background is suppressed exponentially with distance from that peak. Since, PR is an inappropriate measure to identify the fine tuned long distance structure of SPSs for ME and MF phases, we find similar behavior of β in either side of a. However, we note that β is much closer to 1, as expected for delocalized ergodic phase, in MF phase compared to ME phase. Moreover, from the variation β with a, we can roughly identify different P s phases in each sides of a = 1 [see Fig. 4(d) ].
CONCLUSION
We summarize our main results in Table. I. Based on our analysis in the above two models with algebraically localized (AL) phase and MF-ME phase, we can comment on some very generic trends of the long time saturation value of EE and PR. We note that the exponents obtained from typical eigenstate EE and eigenstate PR also follow similar characteristics as compared to the exponents calculated from S ∞ and P R ∞ . The large distance natures of correlation are mainly controlled by the delocalized SPSs that play a crucial role in the long time behavior of EE. That is why properties of delocalized SPSs are reflected even in the ME phase. In contrary, PR captures the short distance nature of correlation even in the long time limit; the short distance characteristics of correlation is encapsulated in the localized phase. Interestingly, the short time growth of EE is also controlled by short distance properties SPS. In model II, the secondary rise in the time evolution of EE is an outcome of two types of states (multifractal and delocalized, localized and delocalized) whereas, in model I, no secondary rise is observed as there exists only one species of states. One of the most important finding of this work is to show that there exists sub-extensive scaling of S ∞ and also many-body eigenstates EE, when SPS are algebraically localized; the scaling exponent γ depends on the long tail exponent ν of SPS. Hence, the presence of duality in ν, has been further reflected in γ. It would be interesting to investigate other models which show algebraic localization [56] , and seek for a universal relation between these two exponents. Also, the role of dimensionality can be explored in more details by investigating higher dimensional model with AL phase. It is very natural question to ask that what will be the fate of all these quantities under non-equilibrium dynamics if one switches on interactions. In a very recent study, a new type of MBL phase already has been proposed for systems whose SPS are algebraically localized [57] . Moreover, we believe that our finding will motivate further studies in these direction to build up a better analytical understanding of time evolution of EE and also the scaling of S ∞ with L [42, 58-61]. 
APPENDIX
We here examine the dynamics of entanglement entropy (EE) and participation ratio (PR) by varying system size in detail. We describe the extraction of the exponents associated with the saturation characteristics of EE and PR by varying system size. We present the method to compute the eigenstate EE and PR. Moreover, for completeness, we compare the finite time growth of EE with the pure disorder free case.
System size dependence on the dynamics of EE
We shall analyze here the non-equilibrium evolution of EE for different system sizes in model I and model II as shown in Fig. 5(a,b) and Fig. 5 (c,d) , respectively. One can observe for model I with a = 0.4 that EE saturates to higher values and these saturation values increases sublinearly with L (See Fig. 5(a) ). Another important point to note here is that the short time growth exponent, α of EE: S ∼ t α , is independent of system size, however, the temporal extent of the growth is determined by the system size. The similar kind of feature is ob- served for a = 1.6 (See Fig. 1(b) ), although, the window of the power law growth is much larger and the saturation values are much smaller as compared to a = 0.4. This short distance exponential spatial behavior is prohibiting the entanglement to grow faster in short time, where as, for short distance power law spatial behavior, EE grows quickly with time and acquires the saturation values. The saturation characteristics are determined by the long distance spatial property of SPS. Now, for model II, the window of the short time temporal growth is same (∼ 10
2 ) for both the phase with a = 0.4 (P 4 MF Phase) and a = 1.6 (P 4 ME phase). This is due to the fact that the number of delocalized state is same for both the cases. The growth exponent depends on the phase as well as nature of multifractality. Another important common point is that after the sub-linear growth there exists a slow secondary rise in EE before it saturates. A detailed analysis shows that secondary growth for ME phase with a = 1.6 (see Fig.  1 (d) ) becomes logarithmic whereas in MF phase with a = 0.4 (see Fig. 1 (c) ), it becomes slower than the initial rise. Turning into saturation characteristics, S ∞ linearly increases with L and hence it obeys volume law.
Comparing model I and model II together, one can infer that EE enhances with the number of delocalized phase. The finite time growth exponent is dependent on the detailed nature of localization at short distance. The long time saturation characteristics is determined by the long distance spatial properties of the underlying SPSs. 
System size dependence on the dynamics of PR
We shall now investiagte the temporal dynamics of PR for model I and model II as shown in Fig. 6(a,b) and Fig.  6(c,d) , respectively. We note that for strongly localized states, PR stays close to unity while its value increases for weaker localization and scales with L for completely delocalized phase. Here we are interested only in the saturation characteristics of PR not in the finite time rise. Model I shows a stronger localization appearing for a > 1 (see Fig. 6 (b) ) as compared to a < 1 (see Fig. 6  (a) ). This is obvious due to the underlying short distance localization properties of SPSs. The saturation values increases with system size; a detailed analysis suggests that this increment is sub-linear: P R ∼ L β with β < 1. Connecting it to Fig. 8 (c) , β stays close to unity for a < 1 where short distance power law localization is observed. On the other hand, PR drops monotonically for a > 1 where short distance exponential decay in SPS is observed.
For model II, as expected, ME phase with a > 1 (see Fig. 6 (d) ) is way more strongly localized than the MF phase with a < 1 (see Fig. 6 (c) ). The important point is that a similar sub-extensive scaling with L is observed in PR for MF and ME phase. Connecting it to Fig. 8  (d) , one can say β → 1 when a → 0; this refers to the fact that system becomes delocalized deep inside the MF phase. On the other hand, β acquires minimum and intermediate values near the phase boundary at a = 1 and inside ME phase with a > 1, respectively. This means that localization is stronger near the critical point compared to ME phase. Therefore, combining the results one can infer that PR is measure of local spatial dependence of correlations it can not measure the large distance spatial dependence of correlation which is captured by the EE at long time. That is why PR is unable to show the duality while EE can still show it (see Fig. 2 and 4 of the main text). 
Scaling of S∞ with L
We shall now extensively analyze the fitting parameters of S ∞ with L in model I for a ≤ 1 and 1 < a < 2 in Fig. 7 (a) and Fig. 7 (b) , respectively. The functional form we get after the fitting is given by, S ∞ = mL γ + b, where γ is the finite size exponent. One can see that the exponent γ increases with increasing a < 1 and decreases with increasing a above unity. Hence, γ becomes maximum for a = 1 and drops down in either side of a = 1. Note that a = 1 point is not well understood for model I. At this point, SPS of this model either critically fractal or weakly algebraic. Presence of slow spatial decay in single-particle wave-function, makes the finite size scaling analysis is very hard near a = 1. Hence, we see large error-bars near a = 1 in all our results presented in the manuscript. In similar fashion we calculate the fitting parameter of S ∞ with L in model II where the exponent appears to be close to unity irrespective of the value of a < 2. We use the exponents γ, obtained from here, to plot Fig. 2 of the main text.
Scaling of P R∞ with L
We shall now extensively analyze the fitting parameters for long time value of P R with L for model I and model II in Fig. 8 (a) and Fig.8 (b) , respectively. The functional form we get after the fitting is given by, P R ∞ = mL β + b, where β is the finite size exponent. One can see that the exponent β decreases with increasing a < 2. That is β becomes maximum for delocalized phase and decreases towards zero for localized states. It becomes minimum approaching to 0 for exponentially localized phase. We use the exponents β, obtained from here, to plot Fig. 4 of the main text. 
Typical Eigenstates
The Hilbert-space dimension for Hamiltonian (1) increases exponentially with system size L, therefore it is very difficult to obtain all many-body eigenstates specially for relatively large systems at half-filling. Hence, typical eigenstate EE and PR are obtained by averaging over total 10 4 number of eigenstates which are obtained by randomly filling up single-particle states. More precisely, typical many-body eigenstate is described as a product state of single-particle orbitals,
|vac , where c † ki is the creation operator for the single particle eigenmodes. k 1 , k 2 ..k L/2 are chosen randomly between total L singleparticle eigenmodes.
Disorder free case
We shall now investigate the dynamics of EE in the disorder free case for L = 500 and L = 1000 in Fig. 9 (a) and Fig. 9 (b) , respectively. We find that the finite time growth exponent of EE α becomes almost independent of a, i.e., short time rise in S(t) is independent of range of hopping: S(t) ∼ t α with α ∼ α(a 0 ). This is a clear distinction with the un-correlated disorder case of model I where a dependent growth is observed in two phases residing either sides of a = 1, i.e., α ∼ α(a) (see Fig. 1 (a) and (b) of the main text). These differences allow us to convey that short distance spatial structures of SPS are responsible for the finite time growth of EE. Interestingly, S ∞ satisfies volume law as the value of S ∞ for L = 1000 is twice of that of the for L = 500.
